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@)In my talk, | would like to highlight the structural simplicity and beauty of Petri’s nets. Klicken!
This should not obscure the high level of complexity involved in larger applications. Klicken!
However, significant efforts are being made to manage this complexity Klicken!

Finally I will try to give a summary answer to Jorg Desel’s question:

nets so special?

®

what make Petri



PETRIPS GENERAL NET THEORY

~ the importance ofgraph-theoretlcal methods,‘andoft“'
e the 'token game' played by many independent actors.
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Looking in Petri’'s paper from 1977 we repeat his own words:
lesen.

\-I\-IHiCh fits in well with the view of nets today, and in the same paper we find ...



THE BEAUTIFUL AND SIMPLE N

S:Q state elements (also called places if they can contain
more than just' one token);
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... nets, as we are used to, but also an example of nets with object tokens, as they are formalized much later as Predicate/Transition-Nets or
Coloured Nets. Petri is calling this the “Special Net Theory”



THE BEAUTIFUL AND SIMPLE NETS

object produced

Tigere 3
PAGE 5
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Petri’s description in the text is: Figure 3 shows several production activities, denoted by boxes, and several places in which resources can
reside. We could imagine ourselves as being the worker in box A using one of the screws accessible to him, one nut and one sheet of each
type, and, with the help of the screwdriver (which he returns after use), producing one object of the type shown in place Z. A very early model of

a coloured net.



E.W. Dijkstra. Co-operating sequential
processes. In F. Genuys, editor,
Programming Languages, pages 43-112.
Academic Press N.Y., 1968.

- The Banker's Algorithm -
This situation, when one process can only continue provided the other one
is Killed first, is called "The Deadly Embrace".

The problem to be solved is: how can we avoid the danger of the Deadly
Embrace without being unnecessarily restrictive.
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When it came to addressing the problems arising in concurrent processes in the 1960s, Edsger W. Dijkstra was just as - or even more -
prominent than Carl Adam Petri. That is why, back then, in my lectures | enjoyed modelling the problems he raised using nets. Here, | am using
one such example to demonstrate the great advantage of net modelling by their clarity and simplicity.

Remember: clarity and simplicity was also Dijkstra’s guiding principle.

The situation described by Dijkstra is as follows:

@ This situation ...read @ The problem to be solved ...read



THE BEAUTIFUL AND SIMPLE NETS

Dijkstra’s solution:
Inspection, whether a situation is safe amounts to inspection, whether all
customer transactions can be guaranteed to be able to finish.

integer free money; Boolean safe; Boolean array
finish doubtful[l:N];
free money:= cash;
for i:= 1 step 1 until N do finish doubtful[i]:=
true;
L:for i:= 1 step 1 until N do
begin if finish doubtful[i] and claim[i] = free
~money then
begin finish doubtful[i]:= false;

free money:= free money + loan[i];

goto L
end

end;
if free money = capital then safe:= true else
safe:= false.

Nets make the concept much more intuitive.
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Dijkstra’s solution is: @ Inspection, whether a situation is safe amounts to inspection, whether all customer transactions can be guaranteed to
be able to finish. ®
A formalization is given by some pseudo-code. My opinion: Nets make the concept much more intuitive.®



THE BEAUTIFUL AND SIMPLE NETS

8 k€
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Here is an example involving 2 customers who wish to take out loans of 8 and 6 thousand euros, whilst the bank only has 10 thousand euros
available.
In Dijkstra’s problem, customers receive loans in increments of 1,000 euros and must repay them once they have been fully repaid.



HE BEAUTIFUL AND SIMPLE

* m(CREDIT,) = 6 - m(CLAIM))
 m(BANK) = 1
10 — m(CREDIT,) — m(CREDIT,)
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We have 5 places. But using three invariants, @ the reachability graph can be represented in two dimensions insted of 5 @



THE BEAUTIFUL AND SIMPLE NETS

initial
marking

EDIT,) = 8 - m(CLAIM,) ol
m(C EDITZ) 6 — m(CLAIM,) | ,
' m(BANK) | @
! |
| ' )<

i qrw{gﬂ@@)

10 — m(CREDIT,) — m(CREDIT),) ; _
o2 U U
T 5 6
| clalml
PN 2026 RUDIGER VALK PAGE 10

g{—h

Here is the reachability graph with the initial marking. ® By an execution we can reach deadlocks.



THE BEAUTIFUL AND SIMPLE NETS
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Here we have the safe marking, where a deadlock can be avoided and @ unsafe markings, where a deadlock is inevitable.
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A safe control has to avoid these transitions. There are different possibilities, as Dijkstra's search procedure to test that the initial marking would
be still reachable, ®

or to describe the set of safe markings by their set of minimal elements (2 in this case), shown here in green. So a safe control has to test
whether a intendet next marking is still above of one of these minimal markings!



BEAUTIFUL AND SIMPL
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This instance with 3 clients comes from the book on operating systems by Per Brinch Hansen. | did like to show my students who by the
switch from 2 clients to 3 simplicity of the reachability graph is lost.



THE BEAUTIFUL AND SIMPLE NETS
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In principle, we are in the same situation, but the number of markings is already considerably higher.

197 reachable markings, 21 deadlocks, 60 unsafe and 137 safe markings.

But the safe markings are described by only 10 minimal markings.

This shows: with Petri nets we can apply mathematics to reduce complexity. But we can prove even more!



THE BEAUTIFUL AND SIMPLE NETS

O ® 137 safe markings —# the set SAFE s
& 10 minimal safe markings — - the set MIN

MIN = perm(SORT) N REACH

initial
marking

'-:}: = {(0!1 !9)! (0, 2! 8), (0, 3! 7)}

SORT has only 3 elements!

Enables control
of 137 safe markings!
THEOREM 4.7. Considering the maximal value of |SORT| for all
Banker’'s Problems size (n,m), we have the following estimate for n>3 v8; j*)
and m = 2: .(\Q./ )).
3]
1 n+m—1 1 (n4+m—1 0
—_— <|SORT| € —— . o
(n—1)m< n—1 > | ! m+1< n—1 ) s ff
N
1 | AT AT ‘@ﬁ)
Safe States in Banker-like Resource Allocation Problems 7HL
arrel
DIRK HAUSCHILDT AND RUDIGER VALK ‘
»o(“) (8’310)
Fachbereich Informatik, Universitat Hamburg,
Rothenbaumchaussee 67/69, D-2000 Hamburg 13, West Germany {8,0,0)
INFORMATION AND COMPUTATION  Vol. 75, No. 3, December 1987
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In a joint paper, published in 1987, @ Dirk Hauschildt proved that the 10 minimal markings can be generated by just 3 such markings, namely
the set SORT @
Enables control of 137 safe markings! ® He even provided an estimate for the size of SORT.

By this example, | wanted to show who the modelling by Petri nets, can lead to more effective solutions!!!
This leads to general statements about the complexity of nets.



COMPLEXITY

solved by

Davis (1949)—Robinson(1950)—-Putnam(1959)-Matiyasevich (1972)

Hack 1976: marking equality problem is undecidable
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Surprisingly, one of the oldest results is also the most extreme.
Marking set equality problem: are the reachabilty sets of two nets equal ? @

Rabin proved in 1965 that the marking inclusion problem is reducable
to Hilberts 10th problem (1900), @

which is proved to be undecidable in 1972 . This used in 1976 that marking equality problem is undecidable


https://en.wikipedia.org/wiki/Martin_Davis_(mathematician)
https://en.wikipedia.org/wiki/Julia_Robinson
https://en.wikipedia.org/wiki/Hilary_Putnam
https://en.wikipedia.org/wiki/Yuri_Matiyasevich

COMPLEXITY

bi ity problem: is a given marking reachable

JOURNAL OF COMPUTER AND SYSTEM SCIENCES
Vol. 23, No. 3, December 1981

RUDIGER VALK

Fachbereich Informatik, Universitdt Hamburg,

Schliiterstrasse 70, D-2000 Hamburg 13, West Germany
AND JOURNAL OF COMPUTER AND SYSTEM SCIENCES
Vol. 20, 1981
Guy VIDAL NAQUET .
Vector Addition Systems and Regular Languages

Institut de Programmation de I'Universite Paris VI, 4

Place Jussieu, F-75230 Paris Cedex 05, France A. GINZBURG AND M. YOELI
Received September 23, 1979; revised January 6, 1981 Remark. After submitting this manuscript, the authors became aware of the related

work [3].
3. R. Vaik anp G. VipaL, On the rationality of Petri net languages, in ‘“Theoretical Computer
Science” (Proceedings, 3rd GI Conference), Lecture Notes in Computer Science, Vol. 48,
Springer-Verlag, New York/Berlin, 1977.
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The main problems attacked at that time were the reachability- and the boundedness-problem. @ The Boundedness Problem was proven to be

decidable by Karp and Miller’s famous algorithm.
@ The scientific community was surprised by just how complex it is — in fact, the memory requirements are exponential. The number of

algorithms based on this is immense. @ In the I'll just give one example from my field., Petri nets often replaced the interest in finite automata
and regular languages. In 1976 we proved that the regularity of the language of nets is decidable, which frequently cited up to now. ® At the

same time, but independently, this was proven by Ginzburg and Yoeli. Both papers use the Karp—Miller algorithm and therefore have the same
computational complexity.



COMPLEXITY

is a given marki

24
not bounded

D

PN 2026 RUDIGER VALK

Reachability problem: is a given marking reachable In 1976, @ Lipton proved an exponential lower bound for the reachability problem, whilst its
decidability was not demonstrated until 1981 by Mayr. ®

It was not until 2020 that these authors were able to prove that it is not elementary and is therefore definitely more difficult than the boundedness
problem.There is a vast amount of research on the complexity classes below these.
Javier Esparza has organised this research and summarised it as a set of rules of thumb.



COMPLEXITY
‘s rules of thumb:

A linearly bounded automaton of size n can be simulated by a 1-
safe Petri net of size O(n?). Moreover, there is a polynomial time
procedure which constructs this net.  Jones, Landweber, Lien, 1977

Rule of thumb 1:
All interesting questions about the behaviour of
are PSPACE-hard.

— Is the Petri net live?

— Is some reachable marking a deadlock?

— Is a given marking reachable from the initial marking?

~ Is there a reachable marking that puts a token in a given place?

— Is there a reachable marking that does not put a token in a given place?

— Is there a reachable marking that enables a given transition?

— Is there a reachable marking that enables more than one transition?

— Is the initial marking reachable from every reachable marking?

— Is there an infinite run?

— Is there exactly one run?

— Is there a run containing a given transition?

— Is there a run that does not contain a given transition?

- Is there a run containing a given transition infinitely often?

— TIs there a run which enables a transition infinitely often but contains it only
finitely often?
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A linearly bounded automaton of size n can be simulated by a 1- safe Petri (1-bounded) net of size O(n2) @

It follows Rule of thumb 1:
All interesting questions about the behaviour of 1-safe nets or 1-bounded nets are PSPACE-hard. ®

“interesting” is obviously informal, but there are 14 examples.
Here is not the place to explain them all. You may have a quick look and study the slides later on.



COMPLEXITY

ules of thumb:

A linearly bounded automaton of size n can be simulated by a 1-
safe Petri net of size O(n?). Moreover, there is a polynomial time
procedure which constructs this net.  Jones, Landweber, Lien, 1977

Rule of thumb-i 2
||| [interesting questions about the behaviour of

| in PSPACE

safe nets

— Is the Petri net live?
— Is some reachable marking a deadlock?
— Is a given marking reachable from the initial marking?
~ Is there a reachable marking that puts a token in a given place?
— Is there a reachable marking that does not put a token in a given place?
— Is there a reachable marking that enables a given transition?
— Is there a reachable marking that enables more than one transition?
— Is the initial marking reachable from every reachable marking?
— Is there an infinite run?
— Is there exactly one run? P o
— Is there a run containing a given transition? exeption: con_tm"ablhty PR
— Is there a run that does not contain a given transition? is EXPSPACE-complete
~ Is there a run containing a given transition infinitely often? Jones, Landwebek S DIEE
— Is there a run which enables a transition infinitely often but contains it only

finitely often?
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Most of them are in PSPACE? @® — exeption: controllability property is EXPESPACE-complete
Let me just add the corresponding result for unbounded nets.



COMPLEXITY

deterministic,
l exponentially

A timrearly bounded automaton of size n can be simulated by a==
safe Petri net of size O(n?). Moreover, there is a polynomial time
procedure which constructs this net.

Rule of thumb 1:

All interesting questions about the behaviour ef-1-safe-Petri nets

A specific (rare) restriction:

acyclic nets
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For (unbounded) PT-nets we have the following rule of thumb. lesen “2 to the O of root n”
Exeption: Marking equality. @

In order to see a class with low complexity we look for
a specific (rare) restriction: acyclic nets, ® where we have some time complexity results




COMPLEXITY

arza’s rules of thumb:

Rule of thumb 4:
Most interesting questions about the behaviour of acyclic 1-safe
Petri nets are NP-hard.

— Is the Petri net live?

reduction from satisfiability

— Is there a reachable marking that enables a given transition’

— Is there a reachable marking that enables more than one transitio

— Is the initial marking reachable from every reachable marking?

— Is there an infinite run? NP-complete

— Is there exactly one run? i

— Is there a run containing a given transition?

— Is there a run that does not contain a given transition? Stewart, 1995 Q.

- Is there a run containing a given transition infinitely often? =

— Is there a run which enables a transition infinitely often but contains it only (]
=F
(7))

finitely often?
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Most interesting questions about the behaviour of acylic 1-safe/1-bounded nets are NP-hard.
@ A well-known NP-hard problem is the satisfiability problem of boolean formula and | will show you an example of reduction to the reachability

problem, which is simular as for free-choice nets, as given in the book of Jorg Desel and Esparza.



COMPLEXITY

J. Esparza, (1998)

Fig. 3. Acyclic net corresponding to the formula (z_; VZ3) A (21 VZ2 vV z3) A (2 V E_;)
conjunctive normal form

True is reachable iff the formula is satisfiable
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The place “True” is reachable if and only if the formula is satisfiable. ®
In this case: the occurrences of these alternative transitions corresponds to binding satisfying the formula.



EFFORTS TO MANAGE COMPLEXITY

Berthelot, Roucairol:
- Reduction of Petri-Nets.
LNCS 45 (1976)

Berthelot, Roucairol, Valk:
Reductions of Nets and Parallel Prgrams.

LNCS 84 (1980)
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Next, | will look at some approaches to managing complexity. ® In addition to the study of subclasses of nets, like free-choice nets, there
were the Berthelot reductions. @ Here are the earliest references | found. Berthelot considered simple transformations that reduced

the size of the nets whilst preserving important properties, such as liveness and boundedness. In the simplified net, this property
should then be easy to decide.



EFFORTS TO MANAGE COMPLEXITY

berthelot-1

berthelot-2

~Berthelot, Roucairol
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Here, Step 1 to step two from a paper from 1976 @ The places c and f can be eliminated under preservation @ of liveness and
boundedness. ® The same with place g.



TS TO MANAGE COMPLEXIT

berthelot-6

This continues like this. ® Step 6 is, of course, both live and bounded, and is therefore also the original net.



And 30 years after Berthelot’s “Structural Reductions” [Berthelot, 1987]
“Structural Reductions with linear equations” [Berthomieu et al., 2019]

linear equations

Em £ (ps = pa) A
(a1 =p1 +p2) A

(a2 = p3 +pa) A

(a1 = a2)
On the Combination of Polyhedral Nicolas Amat , Bernard Berthomieu , and Silvano Dal Zilio
Abstraction and SMT-Based Model PETRI NETS 2021, LNCS 12734, pp. 164-185, 2021.
Checking for Petri Nets
On the Complexity of Proving Polyhedral Reductions Nicolas Amat, Silvano Dal Zilio, Didier Le Botlan

Fundamenta Informaticae 192(3-4) : 363—-394 (2024)
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@And 30 years after Berthelot’s “Structural Reductions” @ the concept of “Structural Reductions with linear equations” is
introduced by the Toulouse research group. @

@For this example the equations are like invariants, but introduce additional variables to reduce the net, but preserve all information
about reachable markings. ®

@Recently there apeared also a complexity result on these reductions.



EFFORTS TO MANAGE COMPLEX
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@ Here is an occurrence sequence together with some evaluations of the equations.



FFORTS TO MANAGE COMPLE

RN i,
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occurrence of to 5 times@®



occurrence of t1 2 times@®

PN 2026

- EFFORTS TO MANAGE COMPLEXIT

RUDIGER VALK

PAGE 30




EFFORTS TO MANAGE COMPLEXIT
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occurrence of t; @



EFFORTS TO MANAGE COMPLEXITY i
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occurrence of t3 - always the equations are valid®



EFFORTS TO MANAGE COMPLEXITY

State-space abstraction by a “polyhedral approach”

Nicolas Amat, Bernard Berthomieu, Silvano Dal Zilio

LAAS-CNRS, Université de Toul CNRS, Toul France
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Of Nicolas Amat’s slides, | have this one, which shows the abstraction of the ‘Reachable’ markings. Transition effects are not retained. As a
result, they perform... @



EFFORTS TO MANAGE COMPLEXITY ‘
Model Checking Contest 2026 Model Checking Contest |8
16th edition, Hamburg, Germany, June 23, 2026 results for 2025 -

Fabrice Kordon — LIP6, Sorbonne Université, France

~ Answering 6 classes of problems...

Examination Family __
StateSpace StateSpace ||

GlobalProperties

UpperBounds UpperBounds

8
8
A
§ OneSafe
F
£
|

............................................................................ Reachabi Iity

2 {u ............................................................................. CTL

Popersooazs - - SheasooesuaEs oo boe o oo oo sessenooseasaeas LTL
LTLFireability

... on 142 models with a total of 1855 instances
24 115 queries (1 to 16 values to be returned per query)
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..... (they perform) particularly well in the ‘Model Checking Contests’ in the separated ‘state space’ category. The MCC is a striking example of
how tools can help manage complexity today.® Maybe you attendes the MCC-meeting Thuesday afternoon. There are problem families for

Global Properties, UpperBounds, Reachability, CTL, and LTL @ ... on 142 models

- lesen- @ -Let me add a complexity result: For 1-safe nets:all the properties expressible in LTL and CTL can be decided in polynomial space.



EFFORTS TO MANAGE COMPLEXIT

Rule of thumb 8:
The model-checking problems of all interesting branching-time, action-
based logics are undecidable. The model-checking problems of all inter-
esting linear-time, action-based logics are decidable.
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There is a different complexity result if you are using action-based logic whrer the atomic propositions are : “is a place marked” then@®
CTL: undecidable while LTL: decidable
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6 qualified tools, including 2 new participants

2 184 qualification runs per tool

Tool Nets

Representahve {nstitution (couniry)

tedd P/T + Colored B. Berthomieu U‘}AS‘CN}:? (FR)
ik i e ficiss O:EQ'A\ \Un’vw'w (DK}
eSS p/T e s ?0 *0 q' Un :prq‘y*\ of Munich (D)
i (new) P/T M. Dyer echnica bt y((yu
Py ‘v’“e"" P/T + Colored A. Yates Ferrite Technology :o\
T‘:S\;;z:‘j& P/T+ Co‘o'ed Y, Thierry Mveg- . Sorbonne Universite FR)
Gold-2025 P/T + Colored F. Kordon

09 D/ £
Composite reference from 2025 winners {F&

/T + Colored Organizers

Best virtual tool, assembled from correct answi
BVYT-2026 P

Experimental conditions

" me ¢ nfinement
m nem m )ymn hime cont e
4 m n F\f\ﬁ‘ ent 30 nor 60 9
3 - ory con y
(o) cores \v U(]‘ (o) F)LA‘E.Y ‘6687 e } el FC res)
] : ( (O'r: ;\sz O’ ore are OHOC.O'Ed to VM tp 1 o a spedinc el of core
n / INYSIC C

A total of 177 773 runs & 35GB of collected data and CSV files
ota

https://mcc.lip6.fr

There is a different complexity result if you are using action-based logic whrer the atomic propositions are : “is a place marked” then@®
CTL: undecidable while LTL: decidable
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StateSpace Category (details & awards)

N

\ny

i2) @ €

2644 pts 20708 pts 4599 pls

Awards for this examination

~ ®
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5490 2085
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@ and a good result for tedd



Reachability Formulas Category (details & awards)

55631 pts 52817 pts 50536 pts

Awards for this examination

~ ®

Tapaal Togcol
60138 16

computed volues  uniques values

Aalborg Univ. (DK)

B SuprisedPT
B SurprisalColored
| R

s|jool-Sli

B KnosniColored

https://mcc.lip6.fr

@ and a good result for tedd



Model: AirplaneLD
Type: Colored Net (with derived P/T Nets) since
MCC.2016

Origin: Industrial (Thales)

A simplified version of a aircraft o i onattl i Weight Weight Left Wheel .
i i S is 1..2000; Al 3 W
andln_g detector used to activate the e s 14000; S in Speeds .

aps in the system. Sienel s (155 /<W> s SampleL.W

T Plane_On_Ground_Signal_no 11 P1 - W W
& (P> ——————c5- (o) “[\; =off] WeightPossibleVal
[W=eon] - - <Weight All>

2.1 P2 - [ W=off]
" 2.2 W W

single parameter N: maximum -y - Oy

speed and altitude e P

Ay <W>
\CW'tighl_Righll_\\'heel SampleRW

- N=1000: 7019 places » stp2
=4000: 28019 places o ThoAltods o2
e A O A
55 /|;:um AND A < 4000 ] ¥ [ A>=2000 OR A = 4000 |
3 <A>
stp3 ) AltitudePossibleVal
getAlt <> ~ <Altitude All>

P PO
P4~
| 4.1 [ S <=1000OR S = 2000]
<S> . <S> 42 SpeedLW
stpd

ps
[ $> 1000 AND S < 2000
<S>

Speed_Left_Wheel <S> <S>
SpeedPossibleVal ;ﬁ
ps X <Speed Al
- Speed_Right_Wheel ] <S><S>
®)stps

t5.1
—— _L o ——{ e <
<> \,._—I*P 5.2 SpeedRW

<T>
[S> 1000 AND S < 2000 |
[ S<=1000 OR S = 2000 ]
— J
Graphical representation for N = 1000
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An example for a model used in the contest is the AirplanelLandingDetector: A simplified version of a aircraft landing detector used to activate the flaps in

the system.
There is a single parameter N: maximum speed and altitude

@ N =1000: 7019 places N =4000: 28019 places
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AirplanelLD
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(@ Some models in the MCC benchmark are “fully reduced”

@They represent the whole state space by the solutions to a system of linear integer expressions.
@Some models in the MCC benchmark are “massively reduced”:

represent the whole state space by a smaller net and linear integer expressions.
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Petri net tool
LéQJ TINA

Toulouse

64 - 10'* markings

THEOREM 4.7.  Considering the maximal value of |SORT| for all
Banker's Problems size (n,m), we have the following estimate for n>3
and m=2:

1 n+m—1 1 (n+m—1
_ < <—
( n—1 )\|SORTI\m+1< n—1 )

=" m = 11000
PRSI [SORT |
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@ Whilst preparing for this talk, | showed the Bankiers net to some of the authors of the TINA tool: Silvano dal Zilio and Bernard Berthomieu. They found it
interesting because, on the one hand, the reachability set is exactly the solution set of the net's state equation, but on the other hand, it is not free of
deadlocks.

@Here is the number of markings and transitions for this instance. ® According to Hauschildt's estimate, SORT is of considerable size. ® One automatic

execution results in this deadlock. Perhaps it will feature among next year’s surprise models in the next year Model Check Contest. New models are named
“surprise models”.
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GRANT!

CREDITt  CLAIMI

for Systems Engineering

|
|
|
Petri Nets :
|
|
|
|
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@ It was interesting for me to see how the simplification | used 30 years ago for teaching purposes has now become central to an important
tool.The bankers net is also dicussed in our book from 2003.
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- WHAT MAKE PETRI NETS SO SPECIAL?

ormalisms with
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